Natural Frequencies Analysis of Moderately-Thick and Thick Toroidal Shells  by Wang, X.H. & Redekop, D.
Available online at www.sciencedirect.com
 
The Twelfth East Asia-Pacific Conference on Structural Engineering and Construction 
Natural Frequencies Analysis of Moderately-Thick and Thick
Toroidal Shells 
X.H. Wanga*, D. Redekopb
aDepartment of Civil Engineering, Shantou University, Shantou, China 
bDepartment of Mechanical Engineering, University of Ottawa, Ottawa, Canada 
Abstract 
Toroidal shells have traditionally found application in the pressure vessel and piping industry.  Early theoretical work 
on these shells focused on their static properties, but with their consideration for newer applications more emphasis 
has been placed on their vibration properties. A major factor affecting shell vibrations is their wall thickness. The thin 
shell theory is firmly established for shell vibrations in the literature and is used extensively in analytical solutions 
and numerical analysis. With more applications of toroidal shells employed in engineering practice, such as space 
vehicle, liquid storage structures and water tanks, the thickness of these structures cannot be considered as thin-
walled. For such applications, the corresponding wall thickness has to be moderately thick or thick and the 
background theory is required using the shear deformation theory or elasticity theory. The present study extends the 
vibration analysis of toroidal shells based on thin shell theory to the analysis for moderately-thick and thick toroidal 
shells. A method based on a shear deformation (Timoshenko-Mindlin) shell theory is investigated to determine the 
free vibration characteristics of a moderately-thick or thick toroidal shell. The analysis is developed for a shell of 
revolution of arbitrary meridian, and then applied to a complete circular toroidal shell. A modal approach in the 
circumferential direction is used in the analysis and the results are obtained using the differential quadrature method 
(DQM). The results are validated by comparing with previously published results and good agreement is observed in 
the comparison of different results. General equations are developed which enable the prediction of the vibration 
characteristics of moderately-thick and thick shells of revolution of arbitrary meridian. The results demonstrate the 
application of the shear deformation theory in determining natural frequencies for toroidal shells. 
© 2011 Published by Elsevier Ltd.
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1. Introduction 
Toroidal shells are widely used in various engineering applications, such as neutron accelerators, 
fusion reactor vessels, piping industry, rocket fuel tanks, and inflatable space structures. The classical 
(Kirchoff-Love) shell theory has been the subject of numerous investigations (Balderes and Armenakas, 
1973; Leung and Kwok, 1994; Ming et al. 2002; Wang and Redekop, 2005). There are also further studies 
on vibration using theories applicable for thicker toroidal shells (Kosawada et al. 1986; Buchanan and Liu, 
2005; Artioli et al. 2005; Jiang and Redekop, 2002). A study for a shell of revolution using shear 
deformation theory has been reported recently (Artioli et al. 2005), but the application was considered for 
paraboloidal shells rather than toroidal ones. For thick toroidal shells, vibration analyses to date have been 
based on the finite element method (FEM) (Buchanan and Liu, 2005), or have dealt only with axi-
symmetric vibrations (Jiang and Redekop, 2002). As more applications of toroidal shells are moderately 
thick or thick, it is imperative and desirable to establish effective theories appropriate for their analysis. 
2. Geometry 
The theory is developed for a toroidal shell (Fig.1) has a bend radius R, radius of the cross-section r, and 
wall thickness h. The mid-surface of an arbitrary shell (Soedel, 2004) is described by a radius vector R = 
R(q1,q2), where q1, q2 form an orthogonal Gaussian coordinate system.  For a shell of revolution the radius 
vector takes the form R = Ĝsinĳi+Ĝcosĳj+zk, where q1Łĳ is the circumferential angle, q2Łș is the 
meridional angle Ĝ=Ĝ(q2), z=z(q2), and i, j, k are the Cartesian unit vectors. The Lamé parameters A1, A2,
and the radii of curvatures R1, R2 for a toroidal shell of a circular cross-section (Fig. 1) are given by 
(Soedel, 2004):  
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Fig. 1 Cross-sectional geometry of circular toroidal shell; point I is the intrados, point II is the lower crown. 
638  X.H. Wang and D. Redekop / Procedia Engineering 14 (2011) 636–640
3. Shear Deformation Theory 
In current study, the shear deformation theory (SDT) presented by Soedel (2004) is adopted and the linear 
behavior of general moderately thick shells consisting of elastic homogeneous isotropic materials is 
considered. The theory will be written for shells of revolution. Adopting a modal approach, the 
displacement components and rotations are expanded in a Fourier series in the circumferential direction 
as
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where u, v, and w are the amplitudes of the displacements in the circumferential, meridional and normal 
directions for the mth harmonic, m is the number of the circumferential harmonic, Ȧ is the circular 
frequency in rad/sec, and Į and ȕ are the amplitudes of the respective rotations.  
Then the equations of motion for shells of revolution can be represented as 
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where the ei are known coefficients given in terms of the geometric parameters. There are five field 
equations for each circumferential mode m, in one geometric variable, and for five unknown functions 
with the unknown frequency Ȧ.
4. Differential Quadrature Method 
In the current study, the problem is solved using the DQM (Shu, 2000) that allows for the conversion 
of the differential equations written for a particular harmonic m to a set of linear simultaneous equations. 
In the shear deformation analysis of the present geometry involving a complete meridian, a Fourier 
harmonic basis was used for the weighting coefficients (Shu, 2000), and sampling points were equally 
spaced in the coordinate q2.
5. Validation And Results 
The geometric properties of six cases are given in Table1, where ri, rm, and ro represent the inside, 
mean, and outside radius of the cross-section respectively. Cases 1-3 are shells having radius to thickness 
ratios of rm/h about 6.5, and are considered moderately thick shells. Cases 4-6 with rm/h ratio less than 4 
are represented thick shells. Two different material properties are used in this study.  
M1: E = 0.207x1012 Pa, Ȟ = 0.3, Ȗ =7800 kg/m3; M2: E = 0.193x1012 Pa, Ȟ = 0.291, Ȗ =7850 kg/m3
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Table 1 Properties of six toroidal shell validation cases. 
Case ri ro h rm R rm/h R/rm
Materia
l
1 0.9225 1.0775 0.1549 1 20 6.46 20 1 
2 0.9225 1.0775 0.1549 1 10 6.46 10 1 
3 0.9225 1.0775 0.1549 1 6.67 6.46 6.67 1 
4 0.75 1 0.25 0.875 2.5 3.50 2.86 2 
5 0.50 1 0.50 0.750 2.5 1.50 3.33 2 
6 0.25 1 0.75 0.625 2.5 0.83 4.00 2 
In table 2, the natural frequencies with mode shapes based on SDT using DQM (current study) are 
validated by comparing results using thick shell Lagrangian (TSL) from Kosawada et al. (1986) that only 
the symmetric modes were represented. It is observed that there is good agreement of three frequencies 
for these three cases mostly within 2%. It is also seen that the largest difference can be evaluated in the 
shell with the smallest frequency and the relative error due to scaling is the largest.  
Table 2 Comparison of SDT frequencies Ȧi (Hz) with TSL theory results of Kosawada et al. (1986) for moderately thick shell - 
validation cases 1-3 (m=2). 
Mode Case 1 Case 2 Case 3 
 TSL SDT TSL SDT TSL SDT 
1 3.6 3.9 13.2 13.5 25.1 26.6 
2 - 4.0 - 13.6 - 26.9 
3 57.6 58.0 105.2 104.2 120.8 122.0 
4 - 91.3 - 116.0 - 129.1 
5 105.8 105.4 128.0 128.1 180.2 182.1 
6 - 105.7 - 180.1 - 263.0 
In Table 3, current study SDT results are validated with the FEM results given by Buchanan and Liu 
(2005). It is finding that there is agreement within 1%, 3%, and 11% for the fundamental frequency of 
case 4-6.  The largest difference occurs for the thickest shell (case 6).  It is seen that although the R/ro is 
constant for these cases, the R/rm ratio is not.  Overall, the results of Tables 3 indicate that the SDT shows 
close agreement with other applicable theory for an rm/h ratio ranging from about 100 to 3. 
Table 3 Comparison of non-dimensional SDT frequencies ȍi with FEM results of Buchanan & Liu (2005) (Table 6, p. 258) for thick 
shells - validation cases 4-6 (m=2).
Mode           Case 4           Case 5          Case 6 
 FEM SDT FEM SDT FEM SDT 
1 0.2482 0.2491 0.2568 0.2646 0.2537 0.2814 
2 0.2857 0.2832 0.2965 0.2871 0.2975 0.2818 
3 0.5288 0.5243 0.9762 0.9506 1.0081 1.0072 
4 0.5396 0.5361 1.0553 0.9676 1.2172 1.2529 
5 0.9655 0.9633 1.0782 1.0058 1.7606 1.4237 
6 1.1137 1.1146 1.1851 1.1946 1.7729 1.4357 
6. Conclusions 
General equations to predict the natural frequencies of moderately thick and thick toroidal shells have 
been investigated based on the shear deformation theory of Soedel.  Results from current study are 
640  X.H. Wang and D. Redekop / Procedia Engineering 14 (2011) 636–640
consistent with previously published results.  It is demonstrated that the shear deformation theory 
provides good results in the radius to thickness range of 100 to 3.  The study indicates the value of the 
shear deformation theory for the vibration analysis of circular toroidal shells. 
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